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We present an experimental study of the compaction dynamics for two-dimensional anisotropic granular
systems. The compaction dynamics of rods is measured at three different scales: (i) the macroscopic scale

through the packing fraction p, (ii) the mesoscopic scale through both fractions of aligned grains ¢, and ideally
ordered grains ¢;,, and (iii) the microscopic scale through both rotational and translational grain mobilities .
At the macroscopic scale, we have observed two stages during the compaction process, suggesting different
characteristic time scales for grain relaxation. At the mesoscopic scale, we have observed the formation and the
growth of domains made of aligned grains during the first stage of compaction. At the late stage, these domains
of aligned grains are sheared to form ideally ordered domains. From a microscopic point of view, measure-
ments reveal that the beginning of the compaction process is essentially related to translational motions of the
grains. The grain rotations drive mainly the process during the late stages of compaction.
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I. INTRODUCTION

Most of the industrial products are processed, transported,
and stocked in a granular state. The packing fraction of those
granular materials becomes therefore a relevant parameter
for a broad range of applications. The best way to reduce the
costs for the manipulation of such granular materials is to
increase the packing fraction p. This can be achieved by
tapping or vibrating the vessel containing the grains.

From a scientific point of view, granular systems exhibit
disorder, complex behaviors, and strong analogies with
glasses [1] and colloids [2]. Thus, granular matter has been
the subject of numerous studies since the last decade [3-7].

Various experimental studies [8—12] have underlined the
fact that the dynamics of compaction is a complex problem.
The compaction is actually characterized by an extremely
slow dynamics. Different laws have been proposed for the
volume fraction p of a granular assembly as a function of the
number n of taps. Since both initial p, and final p.. packing
fractions depend on the experimental conditions, a normal-
ized parameter is defined. One has

5= P~ Po ’ (1)
P = Po
with 0=p=1. This parameter has the great advantage to
emphasize reproducible behaviors.

It has been proposed by Knight ez al. [9] that the packing
fraction obeys an inverse logarithmic law
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where B and 7 are dimensionless parameters. This inverse
logarithmic law was also obtained in numerical models like
the Tetris one [13,14]. The law (2) could also be derived
from theoretical arguments [15].

Some theoretical models [16—18] are based on a relation-
ship between the mobility w of the grains and the global
packing fraction p of the packing. The mobility is a local
property of the grains and corresponds to the grain ability to
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move inside the packing. By considering that the variation of
the packing fraction induced by a tap is proportional to the
grain mobility, one can write the simple kinetic equation

p

—=ku, 3

P 3)
where k is a constant. By considering a caging effect of the
grains, some authors [ 16] proposed the Vogel-Fulcher law for
the decrease of the mobility u with the packing fraction p.
One has

c
1-p ) ' @
This relation could be combined with Eq. (3) in order to
obtain an inverse logarithmic behavior for p(n).

The slow dynamics of granular compaction has also been
described by a cluster model [19]. A cluster is a group of
grains ideally packed. The granular material is then consid-
ered as a system of various clusters competing in a random
environment. Vibrations cause the slow growth of the cluster
size. This growth leads to a logarithmic law (2) for the evo-
lution of the packing fraction. The relevant parameter for
measuring any grain ordering is the fraction ¢ of grains ide-
ally packed. This parameter could also be normalized by the
difference of extreme values. One has

(’5= d) d)O i (5)
b= o

m= ,uoexp(—

with 0= ¢=1.
More recently, Philippe and Bideau [11] found that the
compaction dynamics is better fitted by a stretched exponen-

tial law, like
n\#
ﬁ(n)=1—eXP[—<—> } (6)
T

This exponential law presents the great advantage to fit a
saturation of the packing fraction which is sometimes acces-
sible in experiments (for larges n values). Both parameters 7
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TABLE 1. Summary of the laws proposed by different authors in order to describe the compaction dynamics of isotropic granular
materials. The symbol * means that a numerical resolution of Eq. (3) is necessary. The cross X means that the crystallization is not observed.

Granular type Packing fraction Crystallization Grain mobility Comment Ref.
3D pile of spheres _ 1 X ( ¢ ) Semiempirical law [8,9]
=l-— = ppexp| ———
P T B + i) HEREP\TT 5
3D pile of spheres n\# X * Semiempirical law [11]
p=1-exp|—-|—
7_
2D pile of disks Theoretical law [12]

2D pile of disks * X

B [ <n>1/2] 1 1-p
p= l—exp(— \/E> ¢=1-exp| = T Mz_zﬁln(l—ﬁz)
T

= puo(1-p)e=aP Empirical law [22,23]

and S correspond, respectively, to a characteristic tap num-
ber and to a stretching exponent 0 = 8= 1. One should notice
that in the experiments of Philippe and Bideau, the steady
state corresponds to a dynamical balance between convection
and compaction.

In a previous experimental work [12], we have performed
a multiscale study of the compaction dynamics for a two-
dimensional (2D) pile of spherical particles. We have shown
that granular compaction dynamics could be viewed as a
slow process of crystallization driven by the diffusion of de-
fects in the packing. The evolution of the normalized fraction
of ideally ordered grains ¢ is well described by the Avrami
model [20]. One has

azl_exp[_@)y]. (7)

The Avrami exponent y depends on the nature of the growth
and 7is a characteristic time. For the compaction of spherical
particles, we have obtained an exponent y=1/2. A new law
for the compaction dynamics can be derived from this crys-
tallization model. One has

pn) = \/l—exp[—(f) } (8)

i.e., a law similar to the Philippe-Bideau law for large values
of the tap number n. The combination of both Egs. (3) and
(8) gives a law for the mobility. One has

1 1-p

T kpin(l-p) ©

M =

In a couple of previous papers [22,23], we proposed an

empirical law to fit the decrease of the mobility u with the
normalized packing fraction p, instead of Eq. (9). One has

p=po(l = p)exp(-ap), (10)

where u is a constant initial mobility and a is the decrease
rate of the mobility with the normalized packing fraction p.
This exponential law presents a practical interest. Indeed, the

value of the caging parameter a could be easily fitted and
discussed.

Table I summarizes the different laws proposed for de-
scribing the compaction of isotropic granular materials.

Granular materials are rarely composed of perfectly
spherical particles. Recently, some studies of 3D packing of
anisotropic grains have been performed [21,24-28]. The ma-
jor difference between sphere and cylinder packings is the
tendency of cylinders to align themselves along their sym-
metry axis. Cylinders have also the tendency to align them-
selves along the container walls. Villaruel er al. [26] studied
the compaction of cylindrical particles with an aspect ratio
a=3.9 in a thin tube. In their three-dimensional experiment,
the ratio between the particle length and the container diam-
eter is €/D=2.7. During the compaction, they observe three
stages, underlining that the previous laws (1)—(10) capture
only a part of the physical mechanisms behind compaction.
The first stage is a rapid vertical collapse of the pile. The
second stage is a slow ordering of the particles along the
sidewalls. The final stage is a steady state. In a previous
work [24], we have shown the importance of the grain aspect
ratio on the compaction properties for three-dimensional
packing. Stokely et al. [29] investigated a 2D packing of
extremely prolate granular material (aspect ratio a>10).
They observed a strong orientational correlation for particles
separated by less than two particle lengths. Furthermore, a
general preference for horizontal alignment was observed.

In the present paper, we investigate the compaction of a
2D pile of cylindrical particles. In the first part of the paper,
we give some details about the tap characteristics. Then, the
compaction dynamics is analyzed at three different scales: (i)
the macroscopic scale through the normalized packing frac-
tion p, (ii) the mesoscopic scale through both fractions of
grains aligned ¢, and ideally ordered grains ¢;,, and (iii) the
microscopic scale through the grain rotational and transla-
tional mobilities w, ;.

II. EXPERIMENTAL SETUP

Cylindrical particles are placed between two vertical par-
allel plates. The number of particles is typically N=1200.
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FIG. 1. (Color online) A sketch (left) and a picture (right) of our
experimental setup. Approximately 1200 cylinders are placed be-
tween two parallel plates. An electromechanic hammer is placed
below the pile and is tuned by a microcontroller. An accelerometer
is placed on the vessel to measure the acceleration experienced by
the whole system.

The cylinder diameter is d=2.16+0.05 mm, and the cylinder
length is €=6.73+0.16 mm. Therefore, the aspect ratio of
the cylinder is a=3.1. In order to avoid the possible overlap-
ping of the grains, the distance between both vertical plates
is slightly greater than the particle diameter. The width of the
pile is 150 mm (=22¢) and the mean height is initially
140 mm (=20¢). Piles are formed by (i) randomly distrib-
uting particles on one glass plate, (ii) fixing the second plate,
and (iii) slowly tilting the system to the vertical. A sketch
and a picture of the setup are given in Fig. 1.

The grains we used are formed by a metallic rod enclosed
in a glass cylinder (see Fig. 2). The pile is rear illuminated by
an homogeneous light source. In such a way, the metallic
core of the grains appears black and their outline appears
bright. With this configuration, parallel grains can be re-
solved. A camera records pictures of the pile during the ex-
periment. Therefore, we can measure the position (x;,y;) and
the orientation (6;) of each grain i by image treatment. The
study of the grains motion during a tap is performed by an
ultrafast camera. The compaction dynamics is analysed by a
high-resolution camera (1024 X 1024 pixels).

To produce the successive taps, an electromechanic ham-
mer is placed below the container. The hammer is tuned by a
microcontroller that can adjust the intensity, the number, and

grain i

X

FIG. 2. A sketch of a grain labeled i characterized by its position
(x;,y;) and its orientation ;. Each grain is a metallic cylinder en-
closed in a glass cylinder.
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FIG. 3. (a) Acceleration experienced by our system during a tap
produced by an electromechanic hammer. The system undergoes a
short peak of acceleration. The width of the main peak is 0.25 ms
and the maximum intensity is 15 g. Some damped oscillations are
observed during a few milliseconds. (b) Acceleration experienced
by the system during a tap produced by an electromagnetic exciter
in the Rennes experiments [30].

the frequency of the taps. The acceleration experienced by
the system at each tap is measured by an accelerometer con-
nected to an oscilloscope. Taps are characterized in the next
section. Two successive taps are separated by 500 ms. This
time is much longer than the relaxation time of the system
after each acceleration peak (see below). Since the dynamics
of compaction slows down with the number of taps n, we
recorded images of the system only for n=2" with i
=1,2,...,18. In order to improve the measurements, some
additional images are recorded at the end of the process.

III. TAP CHARACTERISTICS

Similarly to our previous works [12,24], we use an origi-
nal system to produce taps. Some details about the tap char-
acteristics and about the response of the pile are given in this
subsection.

As we can see in Fig. 3(a), the system undergoes a short
and strong peak of negative acceleration during a tap. The
main peak lasts 0.25 ms and the maximum intensity reaches
—15 g. Some damped oscillations during a few milliseconds
are observed. The movement amplitude of the system is very
small with respect to others. In both Rennes [10,11] and
Chicago [9,15,26] experiments, each tap is produced by an
electromagnetic exciter and consists of an entire cycle of a
sine wave. For high accelerations, the considerable ampli-
tude of the container movement produces some convection
in the pile. It should be noted that such a global motion is not
present in our experiment. With our setup, we only observe
the compaction phenomenon.

In order to characterize precisely the grain motions in-
duced by a tap, we have recorded the pile with a fast video
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FIG. 4. Average vertical displacement dy of the grains divided
by the grains length [ just after the first tap (n=1). The pile is
divided in five vertical layers as shown in the inset. The displace-
ment dy/l is shown for each layer. The dashed curve is a free fall.
The solid curve is fit by a free fall with a damping mechanism.

recorder (1000 images/s) just after the first tap of a series.
The position of each grain (x;,y;) has been measured on each
picture. The index i is the number of the grain. The pile has
been divided in five horizontal layers (see Fig. 4, inset). The

mean vertical displacement dy of the grains just after the tap
has been computed in each layer (i.e., for different heights in
the pile). For the layer L, one has

dy, (1) = —E i) = y0), (11)

LlEL

where N, is the number of grains in the layer. The evolution

of this mean vertical displacement dy just after the first tap
divided by the cylinder length € is presented in Fig. 4. Dur-
ing and after the tap, we do observe neither upward move-
ment nor take-off from the bottom of the container. The
movement of the grains situated on the top of the pile is well

fitted by a free fall dy=-gr*/2, with g=9.81 m/s?, for
0 ms<t<<10 ms. After =10 ms, the movement is damped.
This damping is better fitted by an exponential decay. The
damping is due to friction and collisions with both other
grains in the packing and the side walls. For grains situated
in the center and in the bottom of the pile, the amplitude of
the mean vertical displacement is small. Moreover, the mo-
tion of these grains is much slower. Indeed, due to the Jans-
sen effect, the influence of the friction with the side walls is
more important. The fact that the five curves in Fig. 4 do not
coincide for large times is due to a densification which de-
pends on the depth in the packing. It should be noted that this
tap is the first one of a serie. For the followings taps, the
displacements of the grains becomes much smaller and simi-
lar curves cannot be measured when the packing fraction
increases.

IV. GENERAL OBSERVATIONS

At the macroscopic scale, compaction is measured
through the packing fraction p. The pile is made of N cylin-
drical grains of length ¢ and of diameter d. Therefore, the
packing fraction is the ratio between the total surface of the
grains N{€d on the picture and the total surface of the pile
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FIG. 5. Six snapshots of the pile during a compaction experi-
ment. For n=0, an angular disorder is observed. When n increases,
some domains of aligned grains appear and they grow thereafter.

S,ite- The later is estimated by taking into account the aver-

age position of the surface grains. One has

Ned

Spile

p= (12)

Figure 5 presents snapshots of the pile during compaction.
The packing fraction of the initial pile (p§*'=0.775) is small
in comparison with the same experiment made with spherical
particles (pS”h 0.825) [12]. Furthermore, an angular disor-
der is clearly observed for n=0. When n increases, some
domains of parallel grains appear and grow. Thus, the degree
of disorder decreases. This growth of ordered domains could
be compared to a crystallization process. The final packing
fraction, at the end of the experimental run, is p&'=0.877.
For spherical particles in the same conditions, the final pack-
ing fraction is close to p3P"=0.862 [12]. The range p..—p, of
the packing fraction accessible to anisotropic particles is thus
quite large with respect to spherical particles.

We do not observe a preferential orientation of the grains
along the vertical sides or along the horizontal bottom wall.
Indeed, the aspect ratio of the grains a=3.1 is too small to
observe a preferred horizontal orientation as reported in [29].
Moreover, the ratio between the pile width and the grain
length L/ € =22 is too large to observe a preferred vertical
orientation as reported in [26]. In our experimental configu-
ration, we observe only local angular organization due to
neighboring grains oriented along their long axis.

V. COMPACTION CURVES

The evolution of the normalized packing fraction p as a
function of the tap number n is presented in Fig. 6. The
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FIG. 6. A typical compaction curve giving the normalized pack-
ing fraction p as a function of the tap number n. The first (n<3
% 10 and the second (n>>3 X 10%) stages of the compaction pro-
cess are fitted using our crystallization model [12]—i.e., Eq. (8).
Error bars correspond to the size of the symbol used in this plot.
The second stage of the compaction process is colored in gray.

normalized evolution is quite reproducible. We observe a
change of the compaction dynamics in the experimental
compaction curve above p~0.8—i.e., after n~ 10" taps.
Such a jump in the packing fraction evolution p(n) has been
reported in earlier 3D experiments [26] as quoted in the In-
troduction. This effect was not observed in the case of sphere
packings. Two compaction processes seem to occur at differ-
ent stages. The first stage and the second stage of the com-
paction curve are well fitted by two independent “Avrami
laws™ (8) proposed in our earlier work [12] with the expo-
nents y;=0.75+0.05 and characteristic times 7;=2200+200
and 7,=20000+2000. v, is has been fixed to 0.75. The char-
acteristic time of the second stage of the compaction process
is 10 times larger than the characteristic time of the first
stage. Therefore, the dynamics of the second stage is very
slow in comparison with the first stage dynamics. Further-
more, the Avrami exponents are superior to 0.5. This can be
explained by the existence of a favored direction for the dis-
placement of the grains. The presence of two stages can be
understood as follows. In the first stage, the compaction is
essentially due to fast spatial reorganizations (translations) of
the grains. The second stage corresponds to slow orienta-
tional reorganisations (rotations) of the grains. This interpre-
tation could be guessed in the snapshots of Fig. 5 and this
will be confirmed by both microscopic and mesoscopic stud-
ies in the next sections.

VI. GRAIN ORGANIZATION

The aim of this section is to study the formation and the
growth of mesoscopic structures—i.e., domains made of
grains ideally packed. We attempt to relate this growth
mechanism to the compaction dynamics.

For spherical particles in a 2D system [12], the only one
ideal packing is the hexagonal compact arrangement. The
corresponding packing fraction for 2D pile is p=~0.91. For
cylindrical particles, the ideal packing could be reached us-
ing various structures. In Fig. 7, many different organizations
of anisotropic (a=3) grains lead to the unique ideal packing
fraction p=1. Beside two trivial configurations [Figs. 7(a)
and 7(b)] in which grains are perfectly aligned, the ideal

PHYSICAL REVIEW E 74, 021301 (2006)

(a) (b) (c) (d)

FIG. 7. Four different possible arrangements of grains (a=3)
leading to the ideal packing fraction p=1.

packing fraction is reached when domains of aligned grains
are formed and well arranged. Therefore, anisotropic par-
ticles have to search for one among many ideal arrangement
in a more complex way than spherical particles. In this re-
spect, the grain anisotropy « is an important parameter when
looking at compaction. However, a study of compaction for
different « values is outside the scope of this paper.

Let us study the grain organization in the packing. We
define two fractions of ordered grains: the fraction of aligned
grains ¢, [Fig. 8(a)] and the fraction of ideally ordered
grains ¢;, [Fig. 8(b)]. The second type of grain ordering
forms blocks. In order to measure these fractions, we use a
simple criterion in the image treatment procedure. For each
grain in the pile, we search for its nearest neighbors. If at
least one neighbor has the same orientation and is distant
from a half grain length €/2 (distant from one grain diameter
d) from the grain, it is considered to belong to an aligned
domain (ideally ordered domain). Finally, we obtain the
number N, of grains aligned (the number N;, of grains ide-
ally ordered). The fraction of grains aligned ¢, (the fraction
of grains ideally ordered ¢,,) is the ratio between the number
of grains aligned N, (the number of grains ideally ordered
N;,) and the total number N of grains in the pile. One has
¢0:Na/N and ¢i0:Ni()/N'

Figure 9 presents the fraction of aligned grains ¢, and the
fraction of grains ideally ordered ¢;, as a function of the
number of taps n. The error bars correspond to the standard
deviation observed when we repeat the experiment many
times. The fluctuations of both fractions ¢, and ¢;, do not
come from measurement imprecisions, but from natural fluc-
tuations in the system. Both fractions increase with n, mean-
ing that domains form and grow during compaction. Since
the ideal ordering is more restrictive than grain alignment,
¢, is always below ¢,. Both experimental data are fitted by
the Avrami law [Eq. (7)] with an exponent vy fixed to 0.75
(i.e., the value obtained with the fit of the compaction curve).

The ratio between both fractions ¢;,/ ¢, (Fig. 10) allows
us to measure the proportion of grains ideally ordered. Dur-

FIG. 8. The sketch (a) presents a domain of three aligned grains.
The sketch (b) presents a domain of three ideally ordered grains.
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FIG. 9. Both fractions of grains aligned ¢, and fraction of
grains ideally ordered ¢;, as a function of the tap number n. Both
curves are fits using the Avrami law [Eq. (7)]. The gray area of the
figure corresponds to the second stage observed in the compaction
curve (Fig. 6).

ing the first stage of compaction (for n<<3 X 10%), this ratio
increases with the tap number »n. This increase could be in-
terpreted as follows. At the beginning of the process, the
domains are formed of aligned grains [Fig. 8(a)]. Afterwards,
the domains are sheared to form domains ideally ordered
[Fig. 8(b)]. During the second stage of compaction (for
n>3 X 10%*), the ratio ¢,,/ ¢, starts to fluctuate. Indeed, both
fractions ¢;, and ¢, are close to the saturation.

Figure 11 presents both fractions of grains aligned ¢, and
fraction of grains ideally ordered ¢);, as a function of the
normalized packing fraction p. Of course, both fractions in-
crease with the packing fraction. The growth seems to be
parabolic, as in our previous work [12]. Indeed, in two di-
mensions, the growth of the packing fraction is related to the
slow diffusion of domain boundaries. This parabolic behav-
ior justifies the square root in the compaction law, Eq. (8).

VII. GRAIN MOBILITIES

In this section, local displacements are studied during the
compaction process. Since all grain positions are recorded, it

0.88
0.86 |
0.84 |
0.82 |
0.80 |
0.78 |
076 | |
0.74 | 4
072t |
0.70 |

0.68 - - ' -
10° 10" 102 10° 10* 10°

n

‘bio / (ba

FIG. 10. The ratio between the fraction of grains ideally ordered
¢;, and the fraction of grains aligned ¢, as a function of the tap
number n. The gray area of the figure corresponds to the second
stage observed in the compaction curve (Fig. 6).
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FIG. 11. The fraction of grains aligned ¢, (fraction of ideally
ordered grains ¢;,) as a function of the normalized packing fraction
p. The data is fitted by a parabolic law. The gray area of the figure
corresponds to the second stage observed in the compaction curve
(Fig. 6).

is possible to measure the vertical displacement 6y;, the hori-
zontal displacement dx;, and the angle variation 66; of each
grain i after a single tap or after a series of taps. A dimen-
sionless average translational mobility u, can be defined
from the ratio between particle displacements \/(&x;)>+ (y;)?
and the length of the cylinders €. One has

1o V(3% +(3y)°
N_l € )

=

M= (13)

During the compaction process, grains also experience ro-
tations. A dimensionless average rotational mobility u, can
also be defined from the ratio between particle extremity
displacements € 6; and the length of the cylinders €. One has

| N
“’Wz (56,). (14)

Figure 12 presents the translational and the rotational mo-
bilities w, and w, as a function of the normalized packing
fraction p. A decrease of both mobilities by several order of
magnitude is observed. Both curves have similar behavior. In
order to avoid a surcharge of the figure we do not fit both
mobilities by the laws, Egs. (4), (9), and (10). The mobilities
are fitted by the empirical law. One has

o= (1 = )P (15)

and

= pl(1 = p)er?, (16)

where u!=0.022+0.004 and x”=0.010+0.002 are the initial
translational and rotational mobilities, respectively. The cag-
ing parameters a,=6.64+0.38 and a,=5.36+0.37 represent
the decaying rates of both mobilities. The decrease of the
rotational mobility is also fitted by the Voguel-Fulcher law,
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FIG. 12. The translational and rotational mobilities u, and u, as
a function of the normalized packing fraction p. The continuous
curves are fits using the empirical laws [Egs. (15) and (16)]. The
dashed curves are fits using the Vogel-Fulcher law for the rotational
mobility and using the Avrami law for the translational mobility.
The gray area of the figure corresponds to the second stage ob-
served in the compaction curve (Fig. 6).

Eq. (4), and the translational mobility is also fitted by the
Avrami law, Eq. (9).

The ratio between the translational and the rotational mo-
bilities u,/ ., as a function the normalized packing fraction p
is presented in Fig. 13. For low densities (p<<0.4), the com-
paction is mainly related to translational motions. For high
packing fraction, the proportion of rotational motions in-
creases. The transition between translational and rotational
motions could explain the change in the compaction dynam-
ics observed in Fig. 6.

VIII. CONCLUSION

In summary, we have measured three physical quantities
during the granular compaction of cylindrical particles. They
correspond to three different scales in the system. At the
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He/ My

FIG. 13. Ratio between the translational mobility u, and the
rotational mobility u, as a function of the normalized packing frac-
tion p. The curve is a fit by an exponential decay exp(—Aap) with
Aa=1.4+0.1. The gray area of the figure corresponds to the second
stage observed in the compaction curve (Fig. 6).

macroscopic scale, we have observed two stages during the
compaction process. Both stages could be fitted by the
“Avrami law” [12]. The presence of two dynamical stages
could be explained by the mesoscopic and microscopic
analyses. At the mesoscopic scale, we have observed the for-
mation and the growth of domains made of aligned grains.
Our experiments suggest that after nucleation, such domains
experience some shearing and become ideally ordered. From
a microscopic point of view, the measurements of both trans-
lational and rotational mobilities reveal that the beginning of
the compaction process is essentially related to translational
motion of the grains. At the late stages of compaction, the
grain rotations are more pronounced and drive the process.
Therefore, the first stage corresponds to a fast spatial reorga-
nization of the grains to forms domains of aligned grains.
The second stage corresponds to a slow orientational reorga-
nization of the grains to form domains of ideally ordered
grains.
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